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Zero energy Majorana fermion states (Majoranas) can arise at the ends of a semiconducting wire
in proximity with a superconductor. A first generation of experiments has detected a zero bias
conductance peak in these systems that strongly suggests these Majoranas do exist; however, a
definitive demonstration of the long-ranged entanglement that is crucial for potential applications
in quantum computing has yet to be carried out. This work discusses two possible measurement
schemes to detect this long-ranged entanglement in a wire system with two coupled pairs of Majo-
ranas, by varying the coupling between one pair while measuring the fermion parity of the second
pair. First, in a system with two coupled pairs of Majoranas, we discuss how varying the coupling
of one pair in time, while measuring temporal fermion parity correlations of the second pair, al-
lows for an experimental probe of long-ranged Majorana entanglement. Second, we show that the
power spectrum of the charge noise (fermion parity noise) of one pair contains signatures of these
correlations, as well as allowing one to infer the parity relaxation rate.
The suggestion1,2 that topologically protected states
of matter could be used for fault-tolerant quantum com-
putation has lead to a flurry of research with the aim of
realizing such systems in nature. Zero energy Majorana
fermion states (Majoranas) have caught researchers’ in-
terest and imagination as they are (in theory) relatively
simple to realize physically: they can arise as bound
states in vortex cores of a topological spinless p-wave
superconductor3. As such, they constitute the first (po-
tentially) physically realizable example of non-abelian
quasi-particles: exchanging two Majorana zero modes
leads to a topologically protected evolution of the sys-
tem between its degenerate ground states. Because of
their non-abelian statistics, Majoranas can be utilized as
fault-tolerant quantum bits for (non-universal) quantum
computation.
The possibility of fabricating systems that support Ma-
joranas4,5 in semiconducting wires (in proximity to su-
perconductors) and the experimental observation of zero-
energy states at the endpoints of these wires6–9 has at-
tracted further interest in these systems. In these topo-
logical p-wave spinless superconducting wires it can be
shown that Majoranas appear on the boundary between
topological and non-topological superconducting (or in-
sulating) regions of the wire. Hence a Majorana zero
mode exists at each end of a topological superconducting
wire segment. Any such pair of Majoranas can collec-
tively be in one of two states, identified by their fermion
parity nf = 0, 1.
The basis of a quantum qubit constructed from Majo-
ranas is this degeneracy between states of even (nf = 0)
and odd (nf = 1) fermion parity, and the fact that the
fermion parities of pairs of Majoranas can be entangled.
Demonstrating the existence of such entanglement in su-
perconducting wires is therefore of fundamental impor-
tance.
In this work, we present a measurement protocol,
which we call the parity experiment, that can be used
to reveal correlations between pairs of the bound states
responsible for the experimentally observed 0-bias peaks,
and demonstrate the existence of the fermion parity en-
tanglement that is a necessary prerequisite to any suc-
cessful applications in quantum information. Though
not as decisive as an actual braiding experiment10,11, the
parity experiment probes distictively Majorana-like long
ranged entanglement between different wire segments,
and has the advantage of being significantly simpler to
carry out.
The limiting factor in using Majoranas as quantum
bits is expected to be the time-scale over which the total
fermion parity of a system with many Majoranas remains
constant. We refer to this timescale as the parity time
Γ−1. In addition to the parity experiment mentioned
above, we will also discuss how to measure the noise spec-
trum – and hence the parity time – with our set-up. In
part, this is useful since Γ−1 is difficult to predict theoret-
ically. (See Refs.4,12 for alternative methods of measur-
ing Γ−1.) Interestingly, however, in our set-up the noise
spectrum is also expected to show signatures of corre-
lations between pairs of Majoranas. Because measuring
the noise spectrum is potentially simpler than carrying
out the parity experiment itself, this may be the easiest
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2way to search for evidence of long-ranged entanglement
in superconducting nanowire systems.
Topological)superconductor)
Normal)superconductor) 1  2  3  4
(a))
 1  2  3  4
 5  6
(b))
FIG. 1. Experimental set-up for 1D superconducting wires
required for the parity experiment. Red lines indicate seg-
ments of the wire that are in the topological superconduct-
ing state; blue lies indicate segments in the normal super-
conducting state. The red dot at the boundary between nor-
mal and topological superconducting regions indicates the po-
tential Majorana zero mode. The auto-correlation function
〈nR(t+ τ)nR(t)〉 of the fermion parity in the right supercon-
ducting segment is measured while the coupling t12 between
the two Majoranas in the left segment of the wire oscillates
in time to reveal correlations between left- and right- wire
segments due to conservation of the overall fermion parity.
The experimental set-up is shown in Fig. 1. It requires
a wire with two segments in the topological supercon-
ducting regime, separated by a middle segment in the
normal superconducting regime. The experiment con-
sists of measuring the fermion parity of the right wire
segment nR(t) as the chemical potential in the left wire
segment oscillates at a frequency ω0. We show that for
realistic values13 of Γ−1, if the 0-bias peaks are truly
signatures of Majorana fermions, this will result in oscil-
lations of the fermion parity of the right wire segment.
These oscillations are due to the approximate conserva-
tion of the net fermion parity of both wire segments on
the time-scales at which the measurement is performed.
The observation of such correlations would be strongly
suggestive that the 0-bias peaks are fermionic in origin,
and hence very likely to be Majorana zero modes.
The principle experimental advance required to carry
out our proposal is the ability to measure the local
fermion parity in one wire segment. A number of theoret-
ical proposals for making such a measurement exist14–16.
In our set-up, we can exploit the fact that when the cou-
pling between two Majoranas is non zero their parity can
be detected by a nearby quantum dot which measures the
potential created by an additional electron in the wire17.
An example of the expected time-dependence of the
measured fermion parity is shown in Fig. 2. If the parity
relaxation rate Γ (i.e. the inverse of the parity time) is
slow relative to the driving frequency, the fermion parity
of the right wire segment shows clear oscillations in time,
in spite of the fact that the chemical potential is chang-
ing only in the left wire segment. Specifically, a con-
tinuous measurement of the parity will show oscillations
interspersed by jumps, which are the result of stochastic
processes that do not conserve the total fermion parity in
the wire (Fig 2 a). As the relaxation rate increases (rel-
ative to the driving frequency), the jumps become more
frequent and eventually overwhelm the oscillatory signal
(Fig 2 b). We describe in detail how these curves were
obtained in Sect. III, after having introduced the basic
features of our model.
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FIG. 2. Sample outcome for the parity experiment if (a)
the parity time Γ−1 is longer than the period of oscilla-
tion ω0/2pi (Γ = 5MHz, ω0/(2pi) = 10MHz), and (b) the
parity time is shorter than the period of oscillation (Γ =
120MHz, ω0/(2pi) = 10MHz).
The remainder of this work is structured as follows. In
Sect. I, we present a model Hamiltonian that describes
the dominant interactions between our four Majoranas,
and discuss how its spectrum allows us to infer non-local
correlations. Sect. II discusses how to couple this system
to a fermionic bath, and present the equations governing
the dynamics of the Majoranas in the presence of such a
coupling. Some of the details are relegated to Appendix
B. In Sect. III we present the theoretical outcome of our
parity experiment, in a parameter regime that is expected
to be relevant to current experiments. Some additional
results are presented in Appendix A. Finally, in Sect. IV,
we describe signatures of Majorana correlations that can
be observed in the noise spectrum (i.e. by measuring the
system’s relaxation time, with all couplings fixed) using
our set-up.
3I. THE PARITY EXPERIMENT
We now describe the details of the parity experiment.
We begin with the Hamiltonian for a completely isolated
wire system, at energy scales much lower than the in-
duced superconducting gap in the wire. In this regime
the only degrees of freedom are the Majorana zero modes
at the ends of each topological wire segment (cf. Fig 1).
Keeping only couplings between neighboring Majoranas,
the effective Hamiltonian is:
H = it12γ1γ2 + it23γ2γ3 + it34γ3γ4 . (1)
By tuning the chemical potential, wire length, or Zeeman
field (or all of them together) in the left wire segment18,19,
we make t12 vary in time according to
t12 = t
(0)
12 cosω0t (2)
while keeping t23, t34 fixed.
It is convenient to re-express this Hamiltonian in terms
of the fermion creation and anhiliation operators asso-
ciated with the fermion parity of each topological wire
segment:
c†L =
1
2 (γ1 + iγ2) , c
†
R =
1
2
(γ3 + iγ4) ,
cL =
1
2 (γ1 − iγ2) , cR =
1
2
(γ3 − iγ4) . (3)
We may now express our Hamiltonian in the basis of the
two fermion numbers nL and nR,
|nL, nR〉 = (|0, 0〉, |1, 1〉|0, 1〉, |1, 0〉)T (4)
In this basis, the matrix elements of the Hamiltonian H
are:t12 + t34 t23 0 0t23 −t12 − t34 0 00 0 t12 − t34 t23
0 0 t23 −t12 + t34
 . (5)
Fig. 3 shows the band structure of this model for fixed
t23 < t34 < t
(0)
12 , and for t12 scanning from t
(0)
12 to −t(0)12 .
For t23 = 0 (Fig. 3a), in each fermion parity sector there
is a single crossing, which occurs at t12 = −t34 (t12 =
t34) in the even (odd) sector. For t23 > 0 (Fig. 3b)
these crossings are avoided, separated by an energy gap
of 2t23. The colors indicate the dominant fermion number
composition of each eigenstate: turquoise is |0, 0〉, red is
|1, 1〉, purple is |0, 1〉, and blue is |1, 0〉. For t23 small the
states of fixed nL, nR are reasonable approximations to
the eigenstates, except near the avoided crossings.
In addition to the avoided crossing between states in
the same fermion parity sector, there is always an un-
avoided crossing between states in sectors of different
fermion parity at t12 = 0, where the states |0, 0〉, |1, 0〉
are degenerate, as are |1, 1〉, |0, 1〉. This crossing is pro-
tected by the conservation of total fermion parity, and
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FIG. 3. Band structure and weights of relative states for
t34 = 0.6 and t23 = 0 (a), t23 = 0.2 (b), shown for t12 ranging
from −1 to 1. Coloring shows the relative weights of the 4
possible eigenstates in these bands. Turquoise is |0, 0〉, red is
|1, 1〉, purple is |0, 1〉, and blue is |1, 0〉.
can only be lifted by processes in which an odd num-
ber of fermions tunnel into or out of the superconducting
wire system. (We will discuss such processes in Sec. II).
The principle of our proposed experimental protocol is
as follows: we begin with t12 > t34 > 0, such that the
ground state of the system is |1, 1〉 (red in Fig. 3), with
energy approximately −t12−t34. (Here we are neglecting
corrections of order t23/t12, t23/t34 in both the energies
and the composition of the eigenstates). At this point
the next lowest state in energy is |1, 0〉 ( E = −t12 + t34;
blue), followed by |0, 1〉 ( E = t12− t34; purple) and |0, 0〉
( E = t12 + t34; turquoise). We then vary t12 to a fi-
nal value where t12 + t34 < 0. Here the ground state is
|0, 1〉 (purple), and the next lowest state in energy is |0, 0〉
(turquoise), followed by |1, 1〉 and |1, 0〉. However, if the
total fermion parity of the system is conserved, it cannot
relax to its true ground state, which is in a sector of differ-
ent fermion parity. Thus if we vary t12 slowly (relative to
2t23, which sets the gap at the avoided crossing), the sys-
tem will remain in the lowest- energy eigenstate of total
even fermion parity, which changes from being predom-
inantly |1, 1〉 to predominantly |0, 0〉. Experimentally,
the result is that although t34 remains fixed, the fermion
number on the right end of the wire changes from 1 to
40 as we vary t12, giving a distinctive signature of the
long-ranged entanglement of the Majorana fermions.
II. TIME EVOLUTION OF THE DENSITY
MATRIX WITH RELAXATION PROCESSES
In practice, it is not possible to isolate the wire such
that the fermion parity is strictly conserved; both the
coupling to external leads and quasi-particles in the bulk
superconductor can spoil fermion parity conservation.
The system will therefore have a finite parity relaxation
time Γ−1 after which the parity-even first-excited state
at t12 = −t(0)12 will relax to the parity-odd ground state.
To model such relaxation processes, we couple our wire
system to a fermionic bath:
δH =
∑

[
α
(1)
R c
†
RfR, + α
(1)
R f
†
R,cR + α
(2)
R c
†
Rf
†
R, + α
(2)
R fR,cR
]
+
∑
ε
[
α
(1)
L c
†
LfL,ε + α
(1)
L f
†
L,εcL + α
(2)
L c
†
Lf
†
L,ε + α
(2)
L f
†
L,εcL
]
+HBath(f†L, fL, f
†
R, fR) (6)
Here the indices  and ε run over the continuum of states
in the left and right reservoirs respectively, with f†L,f
†
R,ε
the corresponding fermion creation operators. For sim-
plicity we assume the tunneling amplitudes α
(i)
L,R to be 
and ε independent.
A relaxation transition in which the energy of the
fermion modes in the wire changes by −∆E creates an
excitation (particle-like or hole-like) of energy ∆E in the
bath. We will take the bath to be at equilibrium at some
temperature T , so that the probability of creating an ex-
citation of energy E in the bath is:
〈f†R,EfR,E〉 = nF (E−µL) , 〈f†L,EfL,E〉 = nF (E−µR) .
(7)
where nF (E) = 1/(1 + e
E/(KBT )).
The dynamics of the density matrix ρ of our wire sys-
tem coupled to the fermionic bath is described by:
ρ˙ = − i
~
[H, ρ] +
∑
n
Γn
[
LnρL
†
n −
1
2
(
L†nLnρ+ ρL
†
nLn
)]
(8)
In our case there are four Linblad operators Ln, cor-
responding to raising or lowering the fermion number
at each end of the wire. For example, the first and
third terms of (6) correspond to the Lindblad operator
L1 = c
†
R, which can be written in the 4-state basis
|nL, nR〉 = (|0, 0〉, |1, 1〉|0, 1〉, |1, 0〉)T (9)
as
L1 = c
†
R =
0 0 0 00 0 0 −11 0 0 0
0 0 0 0
 . (10)
For t23 = 0, the rate Γ1 is given by
Γ1 =
1
~
(
|α(1)R |2 + |α(2)R |2
)
ρR nF (−2t34) . (11)
where ρR is the density of states in the right reser-
voir. Here α
(1)
R processes remove a particle of energy
−2t34 from the bath (probability nF (−2t34)) , while α(2)R
processes create a particle of energy 2t34 (probability
1 − nF (2t34) = nF (−2t34)). (For the purposes of this
discussion we are neglecting the effects of t23, which is a
reasonable approximation away from the avoided cross-
ings, and is exact in the high-temperature limit.)
Similarly, we have
L2 = cR =
0 0 1 00 0 0 00 0 0 0
0 −1 0 0
 (12)
L3 = c
†
L =
0 0 0 00 0 1 00 0 0 0
1 0 0 0
 L4 = cL =
0 0 0 10 0 0 00 1 0 0
0 0 0 0

with the rates
Γ2 =
1
~
(
|α(1)R |2 + |α(2)R |2
)
ρR nF (2t34)
Γ3 =
1
~
(
|α(1)L |2 + |α(2)L |2
)
ρL nF (−2t12)
Γ4 =
1
~
(
|α(1)L |2 + |α(2)L |2
)
ρL nF (2t12) . (13)
The role of the temperature here is as follows. If T is
small compared to the band gap energies 2t12, 2t34, then
the fermion parity can change only by processes in which
an excited state in, say, the parity even sector relaxes
to a lower-energy state in the parity odd sector. As we
decrease t12 from t
(0)
12 to −t(0)12 in the process described
above, this means that parity-changing processes only oc-
cur for t12 < 0, where in the absence of relaxation the
system will be in an excited state. If T is large compared
to the band gap energies, parity-changing processes can
occur at any point along the sweep, enlarging the to-
tal probability that a relaxation event occurs during the
sweep. Because the high-temperature limit represents
the worst-case scenario, we will focus our attention on
this limit, where it is natural to take Γi ≡ Γ1, Γ ≡ 4Γ1.
(This is also quite possibly the limit pertinent to exper-
iments, since although the experimental temperature is
low, the distribution of quasi-particles in the bulk super-
conductor is typically not thermal20–22). The behavior of
the system in the low-temperature limit is qualitatively
similar, and is discussed in Appendix A.
The 16 components of the Master equation, together
with an analytical discussion of their behavior in cer-
tain limiting cases, are presented in Appendix B. Given
a choice of the temperature, hopping parameters, and
rates, these equations can be solved numerically. There
are three time-scales in the problem: a fast time-scale
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FIG. 4. Evolution of a density matrix initialized in the
ground state for t12 = t
(0)
12 , shown here over several peri-
ods of the oscillation t12 = t
(0)
12 cosω0t. For all plots we
take t23 = 0.1t
(0)
12 , t34 = 0.5t
(0)
12 , and Γi = Γ/4. Here green
is ρ11, red is ρ22, purple is ρ33, and blue is ρ44. (a) For
Γ = 50MHz, ω0/(2pi) = 10MHz, t
(0)
12 /(2pi~) = 800MHz,
the system is in the overdamped regime: the density ma-
trix relaxes to its equilibrium value before oscillations can
be observed. (b) In the over-driven regime, shown here
for Γ = 5MHz, ω0/(2pi) = 64MHz, t
(0)
12 /(2pi~) = 160MHz,
the oscillation undergoes many periods before the density
matrix thermalizes. However Landau-Zener tunneling oc-
curs even away from the avoided crossings, and there is no
clear signature of Majorana-like correlations. (c) In the os-
cillatory regime, (shown here for Γ = 10MHz, ω0/(2pi) =
10MHz, t
(0)
12 /(2pi~) = 2.4GHz), the probability of Landau-
Zener tunneling at the avoided crossing is low, and the sweep
is faster than the relaxation rate.
τ set by the mean value of the energy gaps shown in
Fig. 3, the period τω = 1/ω0 of oscillation of t12, and
the parity time Γ−1. For or our purposes, the solutions
to (8) fall into three regimes, depending on the relative
sizes of these three time-scales. If Γ−1 is fast compared
to τω, then a system that begins in the eigenstate |1, 1〉
at t12 = t
(0)
12 will relax to an equilibrium distribution
before the avoided level crossing, and no oscillations in
nR can be observed. We will call this the overdamped
regime (Fig. 4a). If τω is fast compared to τ (Fig.
4b), Landau-Zener tunneling occurs even away from the
avoided crossing. In this case the dynamics can be quite
complex, but we do not reliably find oscillations with a
clear signature of Majorana correlations. We call this
the over-driven regime. In between these two regimes,
if Γ−1  τω  1/(2~ t23), the system passes quasi-
adiabatically through the avoided level crossing, and one
or more oscillations occur in the density matrix before
equilibrium is reached. We call this the oscillatory regime
(Fig. 4c); it is here that the parity experiment can detect
Majorana-like long ranged entanglement.
Assuming that the driving frequency ω0 can be eas-
ily adjusted to produce optimal results, the success of
the parity experiment in a given wire system will de-
pend on whether the time-scale tij/~ of the Majorana
interactions is fast or slow relative to the decay rates Γi.
Estimates18,19 based on parameters relevant to the ex-
periments of Ref. 6 suggest that values of t12, t34 up to
30 µeV are not unrealistic in short (∼ 1 µm) wires. This
gives tij/(2pi~) ∼ O(2.5GHz). Conversely relaxation
rates are expected to be, at worst, Γ ∼ O(10MHz)13.
For parameter values in this rage, the system is in the
oscillatory regime for ω0/(2pi) = 10MHz (Fig. 4 c). Of
course the precise values of tij will depend on the lengths
of the respective wire segments, as well as the effective
wire Hamiltonian in the superconducting regime. The
important point is that the parity experiment can be per-
formed in the oscillatory regime provided that Γ can be
made small23 relative to t23/~ – a prospect that seems
quite realistic, based on current theory13,18,19
III. MEASURING THE PARITY RESPONSE
We now consider what signal this parity response will
give in the experimental system. First, in order to de-
velop intuition, we attempt a simple (“poor man’s”)
quantum jump24 analysis of the system dynamics, shown
in Fig. 2. These curves are obtained using the following
algorithm. Assuming that the fermion parity is strictly
conserved (i.e. Γ = 0), the expectation value 〈nˆR〉 is
calculated for each of the four possible initial states at
t = τ0, using the evolution (Eq. 8) of the density ma-
trix. Each curve shows periodic oscillations in which
〈nˆR〉 changes smoothly between (approximately) 0 and
1. If there were no parity relaxation, only one of the
curves (determined by the initial state) would be ob-
served. Parity relaxation processes induce (Poissonian
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FIG. 5. The autocorrelation function 〈nR(τ)nR(τ0)〉
when t12(τ0) = t
(0)
12 (a) and when t12(τ0) = 0 (b). Both
plots are shown for t
(0)
12 /(2pi~) = 2.4GHz, t23/(2pi~) =
0.36GHz, ω0/(2pi) = 25MHz, t34/(2pi~) = 1.2GHz, Γ =
0.01GHz.
random) jumps between the 4 curves. The higher the
rates Γn, the more frequent the jumps. In Fig. 2 we
show two examples, one of rare (Fig. 2a) and one of fre-
quent (Fig. 2b) jumps. Such curves would roughly cor-
respond to a typical measurement trace of nˆR, provided
the measurement is not strong enough to distinguish be-
tween nR = 0 and nR = 1 on the time-scale required to
adiabatically traverse the avoided crossings.
A more detailed analysis can be made by examining
the autocorrelation function
〈nR(τ)nR(τ0)〉 − 〈nR(τ0)〉2 . (14)
In this case we will assume that the measurement couples
strongly to the system, such that measuring nR collapses
the wave-function. Between measurements the coupling
to the measurement device is switched off and the sys-
tem evolves according to the dynamics described above.
A strong measurement can be useful since in practice the
system will initially be described by its equilibrium den-
sity matrix, which at high temperature is non-dynamical
even as t12 is varied. Even at temperatures that are high
relative to the tij , however, the Majorana correlations
can be seen by measuring the autocorrelation function.
The autocorrelation function can be extracted from
the time-evolution of the density matrix as follows.
In the markovian limit, using the quantum regression
theorem25,26 we obtain
〈nR(τ)nR(τ0)〉 = Tr [nˆR U(τ, τ0) nˆR ρ(τ0)] (15)
Here U(τ, τ0) is the dissipative evolution (super) opera-
tor obtained by integrating the master equation Eq. 8.
Indeed, Eq. 8 can be rewritten by “vectorizing” the den-
sity matrix ρ, i.e., by writing its rows one after another
into a vector of length 16. This gives ρ˙ = Lρ, where the
Lindblad (super) matrix L is given by
L = − i
~
(H ⊗ 1ˆ− 1ˆ⊗H∗)
+
∑
n
Γn
[
Ln ⊗ L∗n −
1
2
(
L†nLn ⊗ 1ˆ + 1ˆ⊗ LTnL∗n
)]
.
(16)
The evolution operator is then given by
U(τ, τ0) = T exp
 τ∫
τ0
L(τ ′) dτ ′
 . (17)
In other words, we calculate the autocorrelation func-
tion (15) by first projecting the equilibrium density ma-
trix onto a density matrix with a definite value of nR = 1
at time τ0. Next we evolve the resulting matrix nˆRρ(τ0)
in time using the master equation (8). To obtain the
autocorrelation function, we evaluate the probability of
measuring nR = 1 at the end of this time evolution. In
the presence of a driving force the Lindblad matrix L is
time dependent, such that the autocorrelation function
depends not only on the elapsed time τ − τ0, but also
on the relative phase φ between the oscillation of t12 and
the time τ0 at which the evolution is initiated.
The expected autocorrelation measurement for the
parity experiment is shown in Fig. 5. To understand
this plot, consider first the situation with Γ = 0, and in
the oscillatory regime, with φ = 0 (meaning that the au-
tocorrelation function is phase-locked to the maximum of
t12 = t
(0)
12 ; Fig. 5a). Measuring nR = 1 projects the sys-
tem onto a mixture of the two states |1, 1〉 and |0, 1〉. If τ
is less than approximately 1/8 of the period, the system
has not passed through either of the avoided crossings,
and a second measurement detects nR = 1 again with a
high probability. For 1/(8ω0) < τ < 3/(8ω0), we have
passed through the avoided crossing in the parity-odd
sector, but not that of the parity even sector. Hence in
the oscillatory regime, the state |0, 1〉 has predominantly
switched to the state |1, 0〉, while the state |1, 1〉 has not
switched. In this case the autocorrelation is very small,
as the probabilities of measuring nR = 0, 1 are essen-
tially equal. For 3/(8ω0) < τ < 5/8ω0, we have passed
through both avoided crossings, and our mixture of states
|1, 1〉, |0, 1〉 has been replaced by a mixture of the states
|0, 0〉 and |1, 0〉. At these times, therefore, the autocor-
relation is negative. Hence the autocorrelation function
oscillates at the frequency ω0.
7If φ = pi/2 (i.e. the autocorrelation function is out of
phase with t12, and t12(τ0) = 0, as in Fig. 5b), then the
even parity sector switches from |1, 1〉 to |0, 0〉 and back
before any switching occurs in the parity odd sector. In
this case the autocorrelation function is never negative,
and oscillates at a frequency of approximately 2ω0. For
finite relaxation rates the autocorrelation function (15)
oscillates as described above, but the oscillation is con-
tained in an exponentially decaying envelope with time
constant Γ−1.
Fig. 6 shows the Fourier transform of the autocorrela-
tion function. The height of the Fourier peak decreases
as the relaxation rate Γ is increased. Experimentally, we
expect Γ < O(10MHz), where the Fourier peak is rela-
tively pronounced, as can be seen for φ = 0 in Fig. 6 (a).
As the phase offset φ between the maximum value of t12
and the autocorrelation measurement is varied, both the
height and position of the Fourier peaks varies. At φ = 0
we see a large peak centered approximately at the driving
frequency ω0, and a second smaller peak at high frequen-
cies (due to the fact that eigenstates of nR are not exact
eigenstates of the Hamiltonian). As φ approaches pi/2,
the height of the peak at ω0 decreases, and new peaks at
a frequency of approximately 2ω0 appear (Fig. 6 (b) ).
IV. MEASUREMENTS AT CONSTANT t12:
NOISE SPECTRUM AND CORRELATIONS
The parity experiment that we have discussed thus far
requires driving oscillations of the coupling t12 between
the two Majoranas on the left wire segment. Here we turn
our attention to what can be learned by measuring the
autocorrelation function at a fixed value of t12. For con-
stant t12, the autocorrelation function simply probes the
rate at which nR relaxes to its equilibrium value. In this
section, we will explore how these relaxation processes
can be used both to measure the parity time Γ−1, and to
probe the correlation between the two wire segments.
It is worth emphasizing that measuring the parity time
is of practical value in and of itself. Γ−1 is expected to
be quite long in an ideal isolated system, since in the-
ory at low temperature in the superconductor that is in
proximity to the wire there are only pairs of electrons.
In practise, however, this time is affected by various ex-
perimental factors, and may depend on many details of
the system in question, such as tunneling from a metal-
lic lead with free electrons, quasiparticle poisoning in the
superconductor, or the presence of impurities. (For a re-
cent review see Ref. 27 and references therein.) Hence the
parity relaxation rate in a particular device is difficult to
predict, and in practise must be measured.
We begin with a slightly simpler experimental set-up
than that shown in Fig. 1, in which we have only one wire
segment. (In our original set-up, this amounts to taking
t23 = 0, in which case the right- and left- wire segments
are completely decoupled.) If the coupling t34 between
the two Majoranas in our wire segment is held constant
(a)
(b)
S(!)
FIG. 6. The real part (S(ω)) of the Fourier transform of
〈nR(τ)nR(0)〉 as a function of (a) the relaxation rate Γ, for
φ = 0, and (b) the phase offset φ between the maximum value
of t12 and the autocorrelation function, for Γ = 100MHz.
Both plots are shown for t
(0)
12 /(2pi~) = 2.4GHz, t34/(2pi~) =
1.2GHz, t23/(2pi~) = 0.36GHz, ω0/(2pi) = 25MHz.
in time, then the autocorrelation function in this wire is:
〈n(τ)n(τ0)〉 − 〈n(τ0)〉2 = e−Γ|τ−τ0| e
−2βt34
(1 + e−2βt34)2
(18)
with 〈n(τ0)〉 = 1/(1+e−2βt34). Fourier transforming this
gives the noise spectrum, whose real part is given by:
S(ω) =
e−2βt34
(1 + e−2βt34)2
2Γ
Γ2 + ω2
(19)
In the high-temperature limit βt34  1, the pre-factor is
approximately 1/4 and one can determine Γ by measur-
ing the height of the zero-frequency peak, via
Γ = 2
(
lim
ω→0
S(ω)
)−1
(20)
(In practise, the measurement need not be carried out at
zero frequency, but merely at frequencies that are small
compared to the parity time Γ).
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FIG. 7. The noise spectrum as a function of t12
in the high-temperature limit, shown for t34/(2pi~) =
1.2GHz, t23/(2pi~) = 0.36GHz,Γ = 250MHz. The peaks
in the low-frequency noise spectrum show marked dips near
the avoided crossings, where finite-frequency noise appears.
Next, consider a setup with coupled left and right wire
segments. Unlike the situation described above, the op-
erator nR(τ0) does not project the system onto an eigen-
state, and the resultant dynamics is more complicated.
For t12 constant, in the high-temperature limit the auto-
correlation function has a relatively simple analytic form:
〈n(τ)n(0)〉 − 〈n(0)〉2 = e
−Γ|τ |
4
[
1− 2t223
(
1
2+
+
1
2−
)]
+t223
e−Γ|τ |
2
(
cos( +~ τ)
2+
+
cos( −~ τ)
2−
)
where ± = 2
√
(t12 ± t34)2 + t223, and we have assumed
ΓL = ΓR. Hence the noise spectrum differs from that of
a single wire segment in two ways. First, the height of
the low-frequency peak decreases by an amount of order
2t223/min(+, −). Second, finite frequency peaks of the
same order appear, at frequencies ±/~.
The upshot is that the noise spectrum (Fig. 7) shows
signatures of correlations between the Majoranas in the
left- and right- wire segments. If |t23|  +,−, then in
practise the noise spectrum differs only slightly from that
of the isolated wire segment described above. However,
near the avoided crossings t12 = ±t34, the noise spec-
trum is distinctly different from the uncoupled wire case:
the height of the zero-frequency peak will decrease from
approximately 1/(4Γ) to approximately 1/(8Γ), and a
finite frequency peak of approximately height approxi-
mately 1/(16Γ) appears. We believe that this reduction
by a factor of 2 in the low-frequency noise S(ω) near the
avoided crossings should be experimentally observable,
and give an enticing hint that Majorana correlations ex-
ist in the nanowire systems.
These variations in the noise spectrum near the
avoided crossings have an intuitive physical origin. Away
from the avoided crossings the states |1, 1〉, |0, 1〉 that
nR(τ0) projects onto are very close to being eigenstates of
the system, and the autocorrelation function (21) is dom-
inated by parity relaxation processes in the right-hand
wire segment. Near the avoided crossing at t12 = t34,
however (see Fig. 3), the eigenstates in the parity-
odd sector are |ψ±〉 = 1√2 (|0, 1〉 ± |1, 0〉). Thus, on
time scales longer than t−134 the observable nR takes the
value of 1/2 in these two states. At high tempera-
ture the system spends half of the time in the states
|ψ±〉 = 1√2 (|0, 1〉 ± |1, 0〉) with nR = 1/2, one quarter
of the time in the state |1, 1〉 with nR = 1, and one quar-
ter of the time in the state |0, 0〉 with nR = 0. Thus for
the same-time fluctuations we obtain∫
lowfreq.
dω
2pi
S(ω) = 〈n2R〉 − 〈nR〉2 =
3
8
− 1
4
=
1
8
. (21)
This is in contrast to the situation away from the avoided
crossing point where the system spends half of the time
in state nR = 1 and half of the time in state nR = 0.
Thus 〈n2R〉 − 〈nR〉2 = 1/4. Clearly, half of the spectral
weight shifts to the higher frequencies (or order t23) at
the avoided crossing points.
We note that near the avoided crossings, relaxation
processes in both the left and right wire segments con-
tribute equally to the total relaxation rate – which is not
the case for more generic values of t12 where relaxation
is dominated by processes occurring in the right-hand
wire segment only. Consequently if the relaxation rate
in the left wire segment is significantly larger than that
in the right wire segment, the effective relaxation rate at
the avoided crossings will be considerably higher than for
other values of t12, making the decrease in limω→0 S(ω)
even more pronounced.
In the low-temperature regime the height of the zero-
frequency peak in the noise is significantly diminished, as
is apparent in Eq. (18). This is because the system will
relax into its ground state, which is essentially an eigen-
state of nR for most values of t12. In this limit it is diffi-
cult to extract any useful information about the system
from the low-frequency behavior of the noise spectrum.
V. SUMMARY
We have presented an experimental protocol that can
be used to detect long-ranged entanglement between
pairs of Majorana fermions at the ends of 1D supercon-
ducting wires without actually carrying out experimen-
tally challenging brading operations. Our suggested ex-
periment requires a single wire (of length ∼ 1 − 2 µm)
with two regions of topological superconductor sepa-
rated by a normal region, and the capacity to measure
the fermion parity in one of the two topological wire
segments. Even for conservative estimates of the par-
ity relaxation time (Γ ≈ 10MHz), realistic parameter
estimates18,19 suggest that this set-up can be used to de-
tect correlations between the fermion parity in the left-
and right- hand wire segments which would be strongly
suggestive of the sought- after Majorana zero modes in
these systems.
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Appendix A: Dynamics at low temperature
Here we outline the expected outcome of the parity
experiment in the “low-temperature” regime. We note
that the effective temperature is that of the bath, and
not of the wire itself. The main interesting feature of the
low-temperature regime is that at bath temperatures low
relative to t34, it is possible to observe Majorana corre-
lations at signifincantly higher values of Γ than at high
temperatures. In fact, even for values of Γ that are some-
what larger than ω0, is possible for the autocorrelation
function to display persistent oscillations.
Consider initializing the system in its ground state
|1, 1〉 at t12 = t(0)12 . This remains the ground state until
t12 becomes negative, so the decay from the parity-even
to parity-odd sector begins at time t = 1/4(2pi/ω0). If re-
laxation is not complete by the time the avoided crossing
is reached an eigth of a cycle later, there is a significant
probability of finding the system in the first excited state,
and consequently measuring nR = 0. If the decay rate is
relatively fast, then by the time t12 again becomes pos-
itive, 3/4 of the way through the cycle, the system has
relaxed to its ground state for negative t12, which is |0, 1〉,
and 〈nR〉 ≈ 1. As t12 increases the process repeats itself:
provided that the system has not totally relaxed to the
ground state by the time t12 = t34, we will again briefly
have a significant chance of finding nR = 0. Because the
system always relaxes to its ground state, this cycle can
repeat itself indefinitely, and the autocorrelation function
displays persistent oscillations, as shown in Fig. 8.
The crucial point here is that the relaxation rate need
only be slow enough that the system does not relax over
the course of 1/8 of a cycle, rather than over a mini-
mum of 1/2 a cycle for the high temperature limit. Since
the oscillations are persistent, the Fourier peak is also
sharper.
Appendix B: Master Equation
Here we present the details of the time evolution of the
density matrix dictated by Eq. (8).
We may parametrize the density matrix as follows:
ρ(t) =
ρ11(t) ρ12(t) ρ13(t) ρ14(t)ρ∗12(t) ρ22(t) ρ23(t) ρ24(t)ρ∗13(t) ρ∗23(t) ρ33(t) ρ34(t)
ρ∗14(t) ρ
∗
24(t) ρ
∗
34(t) ρ44(t)
 (B1)
Defining the effective rate parameters ΓR =
1
~
(
|α(1)R |2 + |α(2)R |2
)
ρR, ΓL =
1
~
(
|α(1)L |2 + |α(2)L |2
)
ρR, the time
10
evolution of the density matrix is given by:
ρ˙11(t) = − ρ11(t)α
2
R
1 + e−2βt34
+
ΓRρ33(t)
1 + e2βt34
− ΓLρ11(t)
1 + e−2βt12(t)
+
ΓLρ44(t)
1 + e2βt12(t)
+ 2t23Im(ρ12(t))
ρ˙22(t) =
ρ44(t)ΓR
1 + e−2βt34
− ΓRρ22(t)
1 + e2βt34
+
ΓLρ33(t)
1 + e−2βt12(t)
− ΓLρ22(t)
1 + e2βt12(t)
− 2t23Im(ρ12(t))
ρ˙33(t) =
ρ11(t)ΓR
1 + e−2βt34
− ΓRρ33(t)
1 + e2βt34
− ΓLρ33(t)
1 + e−2βt12(t)
+
ΓLρ22(t)
1 + e2βt12(t)
+ 2t23Im(ρ34(t))
ρ˙44(t) = − ρ44(t)ΓR
1 + e−2βt34
+
ΓRρ22(t)
1 + e2βt34
+
ΓLρ11(t)
1 + e−2βt12(t)
− ΓLρ44(t)
1 + e2βt12(t)
− 2t23Im(ρ34(t))
ρ˙12(t) =
1
2
(
ρ12(t)
(
− ΓR
1 + e−2βt34
− ΓR
1 + e2βt34
− ΓL
1 + e−2βt12(t)
− ΓL
1 + e2βt12(t)
+ 4it34 + 4it12(t)
)
− 2it23(ρ11(t)− ρ22(t))
)
ρ˙21(t) =
1
2
(
ρ21(t)
(
− ΓR
1 + e−2βt34
− ΓR
1 + e2βt34
− ΓL
1 + e−2βt12(t)
− ΓL
1 + e2βt12(t)
− 4it34 − 4it12(t)
)
+ 2it23(ρ11(t)− ρ22(t))
)
ρ˙34(t) =
1
2
(
ρ34(t)
(
− ΓR
1 + e−2βt34
− ΓR
1 + e2βt34
− ΓL
1 + e−2βt12(t)
− ΓL
1 + e2βt12(t)
− 4it34 + 4it12(t)
)
− 2it23(ρ33(t)− ρ44(t))
)
ρ˙43(t) =
1
2
(
ρ43(t)
(
− ΓR
1 + e−2βt34
− ΓR
1 + e2βt34
− ΓL
1 + e−2βt12(t)
− ΓL
1 + e2βt12(t)
+ 4it34 − 4it12(t)
)
+ 2it23(ρ33(t)− ρ44(t))
)
(B2)
ρ˙13(t) =
ρ42(t)ΓL
1 + e2βt12(t)
+
(
− ΓR
2 (1 + e−2βt34)
− ΓR
2 (1 + e2βt34)
− ΓL
1 + e−2βt12(t)
+ 2it34
)
ρ13(t)− it23(ρ14(t)− ρ23(t))
ρ˙31(t) =
ρ24(t)ΓL
1 + e2βt12(t)
+
(
− ΓR
2 (1 + e−2βt34)
− ΓR
2 (1 + e2βt34)
− ΓL
1 + e−2βt12(t)
− 2it34
)
ρ31(t)− it23(ρ32(t)− ρ41(t))
ρ˙24(t) =
ρ31(t)ΓL
1 + e−2βt12(t)
+
(
− ΓR
2 (1 + e−2βt34)
− ΓR
2 (1 + e2βt34)
− ΓL
1 + e2βt12(t)
− 2it34
)
ρ24(t) + it23(ρ14(t)− ρ23(t))
ρ˙42(t) =
ρ13(t)ΓL
1 + e−2βt12(t)
+
(
− ΓR
2 (1 + e−2βt34)
− ΓR
2 (1 + e2βt34)
− ΓL
1 + e2βt12(t)
+ 2it34
)
ρ42(t) + it23(ρ32(t)− ρ41(t))
ρ˙14(t) = − ρ32(t)ΓR
1 + e2βt34
+
(
− ΓR
1 + e−2βt34
− ΓL
2
(
1 + e−2βt12(t)
) − ΓL
2
(
1 + e2βt12(t)
) + 2it12(t)) ρ14(t)− it23(ρ13(t)− ρ24(t))
ρ˙41(t) = − ρ23(t)ΓR
1 + e2βt34
+
(
− ΓR
1 + e−2βt34
− ΓL
2
(
1 + e−2βt12(t)
) − ΓL
2
(
1 + e2βt12(t)
) − 2it12(t)) ρ41(t) + it23(ρ31(t)− ρ42(t))
ρ˙23(t) = − ρ41(t)ΓR
1 + e−2βt34
+
(
− ΓR
1 + e2βt34
− ΓL
2
(
1 + e−2βt12(t)
) − ΓL
2
(
1 + e2βt12(t)
) − 2it12(t)) ρ23(t) + it23(ρ13(t)− ρ24(t))
ρ˙32(t) = − ρ14(t)ΓR
1 + e−2βt34
+
(
− ΓR
1 + e2βt34
− ΓL
2
(
1 + e−2βt12(t)
) − ΓL
2
(
1 + e2βt12(t)
) + 2it12(t)) ρ32(t)− it23(ρ31(t)− ρ42(t))
(B3)
where ρji = ρ
∗
ij . We see that the 16 components of the
density matrix can be divided into two blocks: the ele-
ments in the 2× 2 block diagonals (whose time evolution
is given in Eq. (B2), and the 2 × 2 block off-diagonals
(Eq. B3). If the system begins either in thermal equi-
librium (where the density matrix is diagonal) or in an
eigenstate of the Majorana hopping Hamiltonian, all ele-
ments in the block off-diagonals are initially 0, and hence
these elements remain 0 throughout the time evolution.
Hence we can focus our attention on the 8 block diagonal
elements, whose time evolution is given in Eq. (B2).
First, let us determine the equilibrium solutions. If t12
is time-independent, these are given by ρij = 0, i 6= j,
and
ρ11 = nF (2t12)nF (2t34)
ρ22 = nF (2t12)nF (2t34)e
2β(t12+t34)
ρ33 = nF (2t12)nF (2t34)e
2βt34
ρ44 = nF (2t12)nF (2t34)e
2βt12 (B4)
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At high temperatures, this simply indicates that the
probability of finding the system in any of the four states
is 1/4; at low temperatures the relative probability of
being found in each state is weighted by its energy, as
expected. If t12 is changing in time, at low tempera-
tures there is no equilibrium solution. There is however
a quasi-stationary solution which oscillates with the driv-
ing frequency and is phase locked with the driving.
To study the time-dependent equations analytically,
we take the system to be at infinite temperature. Defin-
ing
Γ =
ΓR + ΓL
2
ΓA =
ΓR − ΓL
2
ρe,s = ρ11 + ρ22 ρe,a = ρ11 − ρ22
ρo,s = ρ33 + ρ44 ρo,a = ρ33 − ρ44
x12 = Re (ρ12) y12 = Im (ρ12)
x34 = Re (ρ34) y34 = Im (ρ34) (B5)
we find that the equations of motion for the symmet-
ric components ρe,s, ρo,s of the diagonal elements of the
density matrix are:
ρ˙e,s(t) = −Γ (ρe,s(t)− ρo,s(t))
ρ˙o,s(t) = −Γ (ρo,s(t)− ρe,s(t)) (B6)
This indicates that d/dtTr(ρ) = 0, and that the differ-
ence in the total probabilities of finding the system in the
sector of even versus odd fermion parity decays exponen-
tially to 1/2. The equations of motion for the remaining
six components of ρ are:
ρ˙e,a(t) = −Γρe,a(t) + ΓAρo,a − 4t23y12(t)
ρ˙o,a(t) = −Γρo,a(t) + ΓAρe,a − 4t23y34(t)
x˙12(t) = −Γx12(t) + 2 (t34 + t12(t)) y12(t)
y˙12(t) = −Γy12(t)− 2 (t34 + t12(t))x12(t) + t23ρe,a
x˙34(t) = −Γx34(t)− 2 (t34 − t12(t)) y34(t)
y˙34(t) = −Γy34(t) + 2 (t34 − t12(t))x34(t) + t23ρo,a
(B7)
If the effective rate constants for the right and left wire
segments are equal, then ΓA = 0 and this reduces to two
sets of three coupled first order differential equations. For
t12 independent of time, these can be solved analytically
to give:
ρe,a(t) =
e−Γt
2e
(
ρe,a(0)
(
t223 cos(2et) + t
2
12,34
)
+ 2x12(0)t23t12,34 (1− cos(2et))− 2y12(0)et23 sin(2et)
)
x12(t) =
e−Γt
22e
(
2x12(0)
(
t223 − t212,34 cos(2et)
)
+ ρe,a(0)t23t12,34 (1− cos(2et)) + 2y12(0)et12,34 sin(2et)
)
y12(t) =
e−Γt
2e
(2y12(0)e cos(2et)− 2x12(0)t12,34 sin(2et) + ρe,a(0)t23 sin(2et)+) (B8)
where t12,34 = t12 + t34, and e =
√
(t12 + t34)2 + t223
is the modulus of the band energy in the even-parity
sector. (The form of the solution is similar in the odd
sector). We are principally interested in the behavior
of the diagonal component ρe,a(t), which has oscillations
only for t23 6= 0. These occur because the states |0, 0〉
and |1, 1〉 are not exact eigenstates. All oscillations here
are at the scale of the band gap in the even-parity sector.
Next, we consider solutions where t12 is of the form
t12 = t
(0)
12 cosω0t (B9)
When t12 is oscillating, analytic solutions are more com-
plicated but the equations are easily solved numerically.
However, if t12 varies slowly compared to e, the dynam-
ics described by Eq. (B2) is approximately given by Eq.
(B8). Thus we can obtain a good approximate descrip-
tion of the true dynamics by assuming that Eq. (B8)
describes the evolution everywhere except in the vicinity
of the avoided crossing, where Eq. (B2) also includes the
probability of Landau-Zener tunneling. The probability
of tunneling out of the ground state at the crossing is
approximately
PT = e
−τ , τ =
pit223
~ω0t(0)12 cos−1(−t34/t(0)12 )
(B10)
for every sweep past the avoided crossing. (Here
ω0t
(0)
12 cos
−1(−t34/t(0)12 ) is the rate at which the energy
splitting between the two bands is shrinking in the vicin-
ity of the avoided crossing ). If PT is small (a.k.a. if t
2
23
is large relative to the rate of change of the relative en-
ergies) then the system remains in its ground state with
high probability – meaning that at the avoided crossing,
it changes between an eigenstate that is predominantly
|1, 1〉 to one that is predominantly |0, 0〉. If PT is large,
the system is likely to end up in an excited state, in
which case it will be predominantly |1, 1〉 (or |0, 0〉) on
both sides of the avoided crossing.
Landau-Zener tunneling leaves ρe,s(t) (the total prob-
ability to be in the even sector) invariant. Thus we can
approximate its effect by applying the following transfor-
12
mation to ρe,a each time the system passes the avoided
crossing:
ρe,a(t)
t=tcross→ −(1− 2PT )ρe,a(t) (B11)
Hence for PT < 1/2, ρe,a changes sign twice per cycle. At
each sign change there is also a decrease in the magnitude
of ρe,a, which depends on the size of PT . If PT > 1/2,
ρe,a is always of the same sign (the system remains dom-
inated by |1, 1〉 or |0, 0〉 components), but decreases in
magnitude at each cycle by an amount that depends on
(1− PT ).
This approximate description of the dynamics (Eq.
B2) indicates that there are two time-scales for oscilla-
tions in the problem: there are fast oscillations at fre-
quency 2e, of amplitude t
2
23ρe,a, and slow oscillations at
a frequency set by the driving frequency ω0/2, of am-
plitude (1− 2PT )ρe,a. (For the approximate description
in the preceding paragraphs to be valid, the “slow” os-
cillations must indeed be slow relative to 2e; otherwise
there is a significant probability of Landau-Zener tunnel-
ing away from the avoided crossing, leading to a different
dynamical regime for Eq. (B7).) Importantly, if t23 is
small relative to the other hoppings, the amplitude of
the fast oscillations is small (for appropriate initial con-
ditions) relative to the constant term in Eq. (B8), and
these are easily distinguished from the oscillations that
arise from Landau-Zener tunneling for modest values of
PT . This can be clearly seen in the numerical results of
Fig. 4.
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